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[xmlabstr language="en"][sectitle]Abstract[/sectitle]
[p]This paper looks at Harrod’s fundamental assumptions and equations in ‘An essay in dynamic theory’ as the foundation for suggesting a better understanding of his postulates on economic growth. The analysis we present attempts to measure the effects of resource composition on the field of economic growth by determining its elasticity and the coefficient of acceleration. By addressing new critical assumptions, key formulas, and methods of approach, some crucial findings provide a strong theoretical model with which to examine dynamic economic growth. Furthermore, this paper offers a brief review of Solow’s and Swan’s critiques of Harrod’s essay. This analysis could inspire further advances in the study of economic growth at the academic level and even in terms of government macroeconomic policies and business decisions.[/p][/xmlabstr]
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[xmlabstr language="es"][sectitle]Resumen[/sectitle]
[p]Esta investigación se basa en los supuestos y ecuaciones fundamentales de Harrod en ‘Un ensayo sobre teoría dinámica’ como núcleo central para sugerir una mejor comprensión de sus postulados sobre el crecimiento económico. El análisis que presentamos pretende medir los efectos de la composición de los recursos en el crecimiento económico determinando su elasticidad y el coeficiente de aceleración. Al abordar nuevos supuestos críticos, fórmulas clave y métodos de enfoque, hallazgos cruciales proporcionan un modelo teórico sólido para examinar el crecimiento económico dinámico. Además, esta investigación ofrece una breve revisión de las críticas de Solow y Swan a ese escrito de Harrod. Esta investigación podría inspirar mayores avances en el estudio del crecimiento económico al nivel académico e inclusive en términos de política macroeconómica de gobierno y decisiones empresariales.[/p][/xmlabstr]
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[xmlbody][sec sec-type="intro"][sectitle]Introduction[/sectitle]
[p]To [xref  ref-type="bibr" rid="r3"]Harrod (1939[/xref]) a dynamic theory necessarily involves thinking dynamically; it requires a mental revolution. His tentative and preliminary attempt is to “provide a framework of concepts relevant to the study of change” (p. 14). The axiomatic basis of his theory proposes that the level of a community’s income is the most important determinant of its supply of saving, that its rate of increase determines its demand for saving, and that both are equal. Harrod’s relevant concepts of warranted and natural rates of growth were questioned by [xref  ref-type="bibr" rid="r6"]Solow (1956[/xref]) who understood that Harrod’s warranted concept is strictly related to full employment of the total labor force at each instant, which is not at all the case. In Harrod dynamic system, warranted means an unstable system, a system that oscillates, a moving equilibrium of advance, for which certain conditions are needed.[/p]
[p]In such a system, “the trend of growth may itself generate forces making for oscillation (…) maintaining a trend of increase” ([xref  ref-type="bibr" rid="r3"]Harrod, 1939[/xref], p. 16) at a warranted rate; This author suggested that the value of capital goods (both fixed and circulating) “depends on the state of technology and the nature of the goods constituting the increment of output” but “not the whole of the new capital is destined to look after the increment of output of consumers’ goods” [xref ref-type="bibr" rid="r3"](Harrod, 1939[/xref], p. 17). The author begins his analysis by suggesting that producers are satisfied having produced neither more nor less than the right amount maintaining the same rate of growth. For it, “stock in hand and equipment available will be exactly at the level which they would wish to have them[xref ref-type="bibr" rid="r3"]” (Harrod, 1939[/xref], p. 22). In this quoted text the word ‘available’ means ‘able to be used’, ‘disposable’.[/p]
[p]By relaxing the ‘for the moment’ statement, it follows that there is no unique warranted rate; it depends upon the phase of the trade cycle and the level of activity and at full employment there exist a warranted rate ‘proper’ to the economy. Harrod’s dynamic theory is an attempt to answer [xref  ref-type="bibr" rid="r5"]Keynes’s (1964[/xref], p. 4) following concern: “The question (...) of the volume of the available resources (…) has often been treated descriptively. But the pure theory of what determines the actual employment of the available resources has seldom been examined in great detail”. In view of foregoing, the main objective of this article is to provide a better understanding of Harrod’s dynamic theory by developing a new method of approach based on thinking in terms of trends of increase to reveal the divergence and/or convergence processes of natural and/or warranted rates of growth. [/p]
[p][xref  ref-type="bibr" rid="r4"]Harrod (1960[/xref]) describes a dynamic theory as a set of relations between rates of increase (or decrease) of certain magnitudes, which, in turn, are thought of as laws expressing certain necessary relations. Based on this, we construct new formulas denoting relations between production, capital, labor and saving to achieve a new method of approach. The following two sections present the coefficient of acceleration and the resource composition dynamic to explain the natural and/or warranted trends of production growth. The concept of elasticity or velocity as it is relates to resource composition completes our fundamental theoretical model of economic growth which encompasses total, average and relative capital and labor contribution to production growth as well the role of saving in the capital accumulation process, as we propose in sections four and five.[/p]
[p]In his critique of [xref  ref-type="bibr" rid="r3"]Harrod (1939[/xref]), [xref  ref-type="bibr" rid="r6"]Solow (1956[/xref], p. 65) argued that “all theory depends on assumptions which are not quite true” and “a ‘crucial’ assumption is one on which the conclusions do depend sensitively, and it is important that crucial assumptions be reasonably realistic”. This allows us to analyze and discuss by briefly rethinking [xref ref-type="bibr" rid="r6"]Solow (1956[/xref]) and [xref  ref-type="bibr" rid="r8"]Swan (1956[/xref])’s appraisal of [xref ref-type="bibr" rid="r3"]Harrod (1939[/xref]), which is the aim of section six. Finally, we state the conclusions and implications.[/p]
[subsec][sectitle]Natural and Warranted Growth Rate[/sectitle]
[p][xref  ref-type="bibr" rid="r3"]Harrod (1939[/xref]) suggested that [graphic href="?a01v40n61"][image: image1.png]


[/graphic] is the existing level of income or output, so that [graphic href="?a01v40n61"][image: image2.png]Y = 4dY/dt



[/graphic] expresses its increment and [graphic href="?a01v40n61"][image: image3.png]A= (dY/dt) /Y (1)



[/graphic] is the actual rate of growth of Y(t), therefore:[/p]
[p][graphic href="?a01v40n61"][image: image4.jpg]


[/graphic][/p]
[p]He also defined an average warranted rate of growth [graphic href="?a01v40n61"][image: image5.png]


[/graphic] which produces the right amount [graphic href="?a01v40n61"][image: image6.png]


[/graphic] at every point on the path of output:[/p]
[p][graphic href="?a01v40n61"][image: image7.jpg](2) A=Yy IY(1),,



[/graphic][/p]
[p]and [graphic href="?a01v40n61"][image: image8.jpg]


[/graphic] would diverge from [graphic href="?a01v40n61"][image: image9.png]


[/graphic] for random or seasonal causes. In total saving [graphic href="?a01v40n61"][image: image10.jpg]S(t) = sY(t)



[/graphic][graphic href="?a01v40n61"][image: image11.png]


[/graphic] “may be expected to vary, with the size of income, the phase of the trade cycle, institutional changes, etc.” ([xref  ref-type="bibr" rid="r3"]Harrod, 1939[/xref], p. 16). At constant [graphic href="?a01v40n61"][image: image12.png]


[/graphic], it follows that [graphic href="?a01v40n61"][image: image13.png]S = dS/dt



[/graphic] and [graphic href="?a01v40n61"][image: image14.png](dS/dt) /Y (1) = s (dY/dt) /Y (t)



[/graphic] so that the growth of saving is equal to a fraction of the actual growth of income:[/p]
[p][graphic href="?a01v40n61"][image: image15.jpg]


[/graphic][/p]
[p]And for the warranted growth of output:[/p]
[p][graphic href="?a01v40n61"][image: image16.jpg](4) S, =sY,,



[/graphic][/p]
[p]By equalizing equations (4) and (3), [graphic href="?a01v40n61"][image: image17.png]S=S,:Y =Y,



[/graphic].[/p]
[p]Let [graphic href="?a01v40n61"][image: image18.png]


[/graphic] stands for the value of capital goods (both circulating and fix capital) required for [graphic href="?a01v40n61"][image: image19.png]


[/graphic]. Let [graphic href="?a01v40n61"][image: image20.jpg]c = K(t)/Y(t)



[/graphic] be the actual average capital cost of production and when (c) remains constant, we can derive that [graphic href="?a01v40n61"][image: image21.png]dK/dt = c dY/dt -. ¢ = K/Y



[/graphic] this is “the value of the increment of capital stock in the period divided by the increment of total output” ([xref  ref-type="bibr" rid="r3"]Harrod, 1939[/xref], p. 17) and if
 [graphic href="?a01v40n61"][image: image22.png]Y

K/c



[/graphic], per equation (1) [graphic href="?a01v40n61"][image: image23.png]Ac = K/Y ()



[/graphic] and “depending on the proposition that actual saving in a period (…) is equal to the addition to the capital stock” (Harrod, 1939, p. 18) means that [graphic href="?a01v40n61"][image: image24.png]K = sY(t)



[/graphic], and thus:[/p]
[p][graphic href="?a01v40n61"][image: image25.jpg](5) A =s/c



[/graphic][/p]
[p]From equation (3) [graphic href="?a01v40n61"][image: image26.png]Y

K/c



[/graphic] so [graphic href="?a01v40n61"][image: image27.png]S

s/c K



[/graphic] and if [graphic href="?a01v40n61"][image: image28.png]


[/graphic] then [graphic href="?a01v40n61"][image: image29.png]S = s/c S(1)



[/graphic] and letting [graphic href="?a01v40n61"][image: image30.png]$ = S/S(1)



[/graphic] be the rate of growth of saving:[/p]
[p][graphic href="?a01v40n61"][image: image31.jpg](0) S =S/C



[/graphic][/p]
[p]Thereby:[/p]
[p][graphic href="?a01v40n61"][image: image32.jpg]


[/graphic][/p]
[p]measures the amount of additional capital goods to the expected stock, then, where [graphic href="?a01v40n61"][image: image33.png]


[/graphic] is the rate of growth of capital, and thus from which:[/p]
[p][graphic href="?a01v40n61"][image: image34.jpg](8) k = s/c



[/graphic][/p]
[p]Linking this result to equation (5), [graphic href="?a01v40n61"][image: image35.jpg]A\



[/graphic]; this revealed after replacing [graphic href="?a01v40n61"][image: image36.png]k = K/IK(t)



[/graphic] in [graphic href="?a01v40n61"][image: image37.png]Ac = K/Y ()



[/graphic]. So far Harrod’s assumptions explain by equations (5), (6) and (8) that in a dynamic and perhaps unstable economic system [graphic href="?a01v40n61"][image: image38.jpg]


[/graphic]is possible, where labor is assumed exogenous.[/p]
[p]In the warranted rate of growth, it is supposed that [graphic href="?a01v40n61"][image: image39.jpg]K(t)



[/graphic] and [graphic href="?a01v40n61"][image: image40.jpg]cw = K(t),, /Y(t),



[/graphic] and [graphic href="?a01v40n61"][image: image41.jpg]


[/graphic]remaining constant yields [graphic href="?a01v40n61"][image: image42.jpg]dK,/dt = c,, dYy/dt . cw = Ky/Yu



[/graphic] and[graphic href="?a01v40n61"][image: image43.jpg]Yy = Ky/Cuw



[/graphic] per equation (2):[/p]
[p][graphic href="?a01v40n61"][image: image44.jpg](9) Kw = cwAy Y(1),,



[/graphic][/p]
[p]And if [graphic href="?a01v40n61"][image: image45.png]


[/graphic] it follows that:[/p]
[p][graphic href="?a01v40n61"][image: image46.jpg](10) Ay = S/cy,



[/graphic][/p]
[p]Defining [graphic href="?a01v40n61"][image: image47.jpg]Yy = Ky/Cuw



[/graphic]as per equation (4) [graphic href="?a01v40n61"][image: image48.png]S,, = s/cwKy



[/graphic] and if [graphic href="?a01v40n61"][image: image49.png]Ky = S(t)



[/graphic] then and let [graphic href="?a01v40n61"][image: image50.png]Sw = Sw/S(t),,



[/graphic]  be the warranted rate of growth of saving and to have:[/p]
[p][graphic href="?a01v40n61"][image: image51.jpg]) Sw = S/Cy



[/graphic][/p]
[p]and from equation (5) it follows that:[/p]
[p][graphic href="?a01v40n61"][image: image52.jpg]) Sw = Ay



[/graphic][/p]
[p]So warranted relative production growth could vary according to the warranted rate of saving growth. Furthermore [graphic href="?a01v40n61"][image: image53.png]kw = Ku/K(t),,



[/graphic] so that [graphic href="?a01v40n61"][image: image54.png]


[/graphic] is “conceived to vary with the current level of income, as distinct from its rate of growth” ([xref  ref-type="bibr" rid="r3"]Harrod, 1939[/xref], p. 27):[/p]
[p][graphic href="?a01v40n61"][image: image55.jpg]Kw = S/Cy



[/graphic][/p]
[p]Per equations (13) and (10) [graphic href="?a01v40n61"][image: image56.jpg]


[/graphic] and in a dynamic and perhaps unstable warranted economic system[graphic href="?a01v40n61"][image: image57.jpg]


[/graphic]. Equalizing equations (10) and (5) results in [graphic href="?a01v40n61"][image: image58.png]A, C=cCy



[/graphic], which is Harrod’s fundamental equation, assuming “that all new capital goods are required for the sake of the increment of output of consumer’s goods accruing” (Harrod, 1939, p. 17). This assumption requires[graphic href="?a01v40n61"][image: image59.png]


[/graphic] at c=c w per equation (9) [graphic href="?a01v40n61"][image: image60.jpg]CAy

Kw/Y(t)



[/graphic] and if [graphic href="?a01v40n61"][image: image61.jpg]


[/graphic] then [graphic href="?a01v40n61"][image: image62.jpg]Aw = S/C < Ay = A



[/graphic][/p]
[/subsec][subsec][sectitle]The Coefficient of Acceleration[/sectitle]
[p]Harrod’s warranted rate of growth is a subsystem at a given state of technology of the natural rate of growth system. Harrod’s assumption can be systematized by defining the multiplier coefficient; one component is:[/p]
[p][graphic href="?a01v40n61"][image: image63.jpg](14) £=K(1), / K(t)



[/graphic][/p]
[p]By replacing [graphic href="?a01v40n61"][image: image64.png]K(t),,= £ K(t)



[/graphic] in [graphic href="?a01v40n61"][image: image65.png]cw = K(t), /Y(1)

AVY,



[/graphic] it results in [graphic href="?a01v40n61"][image: image66.png]cw = k K(t) /Y(t),



[/graphic] and:[/p]
[p][graphic href="?a01v40n61"][image: image67.jpg](19) k=cy Y(1), /K({t)

A\V.Y}



[/graphic][/p]
[p]And [graphic href="?a01v40n61"][image: image68.png]dK,,/dt = k dK/dt .. Ky,= k K



[/graphic] and since [graphic href="?a01v40n61"][image: image69.png]


[/graphic] and [graphic href="?a01v40n61"][image: image70.png]K = sY(t)



[/graphic] then:[/p]
[p][graphic href="?a01v40n61"][image: image71.jpg](16) £ =Y(t),, / Y(t)



[/graphic][/p]
[p]a counterpart of equation (14) showing how [graphic href="?a01v40n61"][image: image72.jpg]


[/graphic]influences the rate of[/p]
[p]economic growth. In the case of saving [graphic href="?a01v40n61"][image: image73.png]


[/graphic] and [graphic href="?a01v40n61"][image: image74.png]


[/graphic] so [graphic href="?a01v40n61"][image: image75.png]S(t),, = skY(t)



[/graphic] and:[/p]
[p][graphic href="?a01v40n61"][image: image76.png](17) k=5(1),/ S(t)



[/graphic][/p]
[p]This is equivalent to equations (14) and (16).[/p]
[p]Natural/warranted rates of growth converge at [graphic href="?a01v40n61"][image: image77.png]AY (1) = Ay Y (1)



[/graphic] and per equation (16):[/p]
[p][graphic href="?a01v40n61"][image: image78.jpg]18) A

kA



[/graphic][/p]
[p]By matching equations (5) and (10) we get [graphic href="?a01v40n61"][image: image79.jpg]NAy = Cy/C



[/graphic] and let [graphic href="?a01v40n61"][image: image80.png]k = cy/C



[/graphic] stand for the counterpart of equation (14). Moreover,[graphic href="?a01v40n61"][image: image81.jpg]


[/graphic] it is equivalent to [graphic href="?a01v40n61"][image: image82.png]kK(t) = cy, Y (1)



[/graphic] so,[graphic href="?a01v40n61"][image: image83.jpg]


[/graphic] thus warranted saving corresponds to warranted average capital contribution to warranted rate of production growth. In a dynamic economic system in which [graphic href="?a01v40n61"][image: image84.png]


[/graphic] does not vary at a given instant, namely [graphic href="?a01v40n61"][image: image85.png]


[/graphic], from equation (14) [graphic href="?a01v40n61"][image: image86.png]k=K(t), /K1)



[/graphic] and for sure [graphic href="?a01v40n61"][image: image87.png](0<k<1)



[/graphic] and warranted growth rate is below the natural growth rate and it is a warranted ‘proper’ if full labor force employment is assumed. For this [graphic href="?a01v40n61"][image: image88.png]kK(t) = s Y(t),



[/graphic] and [graphic href="?a01v40n61"][image: image89.png]


[/graphic] tending to [graphic href="?a01v40n61"][image: image90.png]


[/graphic] (e.g. for random or seasonal causes, the phase of the trade cycle, institutional changes) and [graphic href="?a01v40n61"][image: image91.png]


[/graphic] is approaching [graphic href="?a01v40n61"][image: image92.png]


[/graphic] and thus[graphic href="?a01v40n61"][image: image93.jpg]Cw = AK(1)/Y(L),



[/graphic]; replacing in this expression [graphic href="?a01v40n61"][image: image94.png]kK(t) = sY(t)



[/graphic] results in[graphic href="?a01v40n61"][image: image95.jpg]


[/graphic] and[graphic href="?a01v40n61"][image: image96.jpg]Sw = SAY(t),



[/graphic].[/p]
[p]Additionally, let us state that labor force [graphic href="?a01v40n61"][image: image97.png]


[/graphic] is compounded by warranted employed [graphic href="?a01v40n61"][image: image98.png]


[/graphic] and unemployed [graphic href="?a01v40n61"][image: image99.png]


[/graphic] labor force, to set that:[/p]
[p][graphic href="?a01v40n61"][image: image100.jpg]


[/graphic][/p]
[p]If [graphic href="?a01v40n61"][image: image101.jpg]1 = (t)/L(1), £(t)/L(1)



[/graphic] the rate of warranted labor force is [graphic href="?a01v40n61"][image: image102.jpg]e =t(t)/L(t): {V:(0<e<1)}



[/graphic]at a given instant. Then [graphic href="?a01v40n61"][image: image103.jpg]


[/graphic] and [graphic href="?a01v40n61"][image: image104.jpg]Y /dt = € dlL/dt



[/graphic] so that [graphic href="?a01v40n61"][image: image105.jpg]el



[/graphic] and[graphic href="?a01v40n61"][image: image106.jpg]Nt (t) = enb(t)



[/graphic], where ([graphic href="?a01v40n61"][image: image107.jpg]N; N)



[/graphic] (represent, in that order, the rates of growth of [graphic href="?a01v40n61"][image: image108.jpg]


[/graphic]and [graphic href="?a01v40n61"][image: image109.jpg]


[/graphic]. At full employment [graphic href="?a01v40n61"][image: image110.jpg]


[/graphic]hence [graphic href="?a01v40n61"][image: image111.jpg](e<1:n<n



[/graphic] exposes imbalanced market labor; [graphic href="?a01v40n61"][image: image112.jpg]t (1) < el(t)



[/graphic] . So, [graphic href="?a01v40n61"][image: image113.jpg]


[/graphic] is the other component of the coefficient of acceleration.[/p]
[/subsec][subsec][sectitle]Resource Composition in Economic Growth[/sectitle]
[p]At [graphic href="?a01v40n61"][image: image114.png]


[/graphic] and [graphic href="?a01v40n61"][image: image115.png]


[/graphic] the warranted resource composition at a given instant is:[/p]
[p][graphic href="?a01v40n61"][image: image116.png](20) r(t) = k/e K(t)/L(t)



[/graphic][/p]
[p]This denotes the line of moving equilibrium required for the inherent tendency of the system to instability, it is delineated by; [graphic href="?a01v40n61"][image: image117.jpg]


[/graphic] the effective coefficient of acceleration of resource composition. By replacing [graphic href="?a01v40n61"][image: image118.png]


[/graphic] in the previous equation we get:[/p]
[p][graphic href="?a01v40n61"][image: image119.jpg](21) r(t) = k/e ¢ Y(t)/L(t)



[/graphic][/p]
[p]And [graphic href="?a01v40n61"][image: image120.jpg]


[/graphic] appears to accelerate the average resources productivity; and [graphic href="?a01v40n61"][image: image121.png]Y(t)/L(t) = 1/(1 - )



[/graphic] thereby the prior equation becomes into [graphic href="?a01v40n61"][image: image122.png]r(t) = k/e r(t)



[/graphic]. To better understand the above equation, it is necessary to specify the natural resource composition:[/p]
[p][graphic href="?a01v40n61"][image: image123.jpg]


[/graphic][/p]
[p]This equation is contained in equation (20) which simplified is [graphic href="?a01v40n61"][image: image124.jpg]r(t) = k/e r(t)



[/graphic] and at [graphic href="?a01v40n61"][image: image125.png]k=¢:r(t) =r(t)



[/graphic]; warranted and natural resource composition would converge. Taking the derivative of equation (21) in terms (t) of so that.  Let [graphic href="?a01v40n61"][image: image126.jpg]


[/graphic] be the rate of growth of labor and force [graphic href="?a01v40n61"][image: image127.jpg]


[/graphic] and the rate of growth of production to have [graphic href="?a01v40n61"][image: image128.jpg]


[/graphic][/p]
[p][graphic href="?a01v40n61"][image: image129.jpg](23) ry = kle [c/(1 =C)|(A - n)



[/graphic][/p]
[p]and [graphic href="?a01v40n61"][image: image130.jpg]c/(1-c)



[/graphic] describes the slope of [graphic href="?a01v40n61"][image: image131.jpg]


[/graphic] and at determined instant [graphic href="?a01v40n61"][image: image132.jpg]


[/graphic]. The fundamental equation of warranted resource composition and production growth rate emerges:[/p]
[p][graphic href="?a01v40n61"][image: image133.jpg](24) ry, = (A -n) ke r(t)



[/graphic][/p]
[p]It depicts the trend of [graphic href="?a01v40n61"][image: image134.png]


[/graphic] at changes in [graphic href="?a01v40n61"][image: image135.png]


[/graphic]; at [graphic href="?a01v40n61"][image: image136.png](n=Ar, =0)



[/graphic] it results in [xref  ref-type="bibr" rid="r5"]Keynes’s (1964[/xref], p. 55) aggregate demand function, which “relates various hypothetical quantities of employment to the proceeds which their outputs are expected to yield”. At [graphic href="?a01v40n61"][image: image137.png][n > A; r(t) <r(t)]



[/graphic] increased unemployment of the labor force and potential economic growth is exhibited. If [graphic href="?a01v40n61"][image: image138.jpg]


[/graphic], r(t) remains the same [graphic href="?a01v40n61"][image: image139.jpg]O



[/graphic] and as long as both labor force and capital are available until they run out. It is denoted in this event that [graphic href="?a01v40n61"][image: image140.jpg]


[/graphic] represents increments in the number of workers required to restore retired workers. These results could be different at changes in [graphic href="?a01v40n61"][image: image141.jpg]


[/graphic] induced by technological developments, among other circumstances; notable in the case that it makes [graphic href="?a01v40n61"][image: image142.jpg]


[/graphic]and the economy becomes capital intensive. Under these conditions, (c) could diminish and [graphic href="?a01v40n61"][image: image143.jpg][



[/graphic] could decline, but perhaps cushioned by augments in resource productivity [graphic href="?a01v40n61"][image: image144.jpg]


[/graphic].[/p]
[p]Differentiating equation (20) with respect to results in [graphic href="?a01v40n61"][image: image145.jpg]dr/dt = k/e [(dK/dt)/L(t) - K(t)/L(t) (dL/dt)L(t)]



[/graphic] so [graphic href="?a01v40n61"][image: image146.jpg]


[/graphic] and given [graphic href="?a01v40n61"][image: image147.jpg]


[/graphic] and [graphic href="?a01v40n61"][image: image148.jpg]


[/graphic].[/p]
[p][graphic href="?a01v40n61"][image: image149.jpg](295) ry, = kle [SY(t)/L(t) - n r(t)]



[/graphic][/p]
[p]Warranted resource composition follows the trajectory of natural resource composition at an acceleration at which capital requires a certain amount of labor and saving to yield a determined level of labor productivity. If increments in labor force cannot be employed at [graphic href="?a01v40n61"][image: image150.jpg]


[/graphic] given [graphic href="?a01v40n61"][image: image151.jpg]


[/graphic] , it could cause [graphic href="?a01v40n61"][image: image152.jpg]


[/graphic] to decline below [graphic href="?a01v40n61"][image: image153.jpg]


[/graphic], revealing labor force unemployment and potential economic growth. From equation (25) two new outcomes are possible: the first showing that ceteris paribus labor contribution to production defines the slope of [graphic href="?a01v40n61"][image: image154.jpg]


[/graphic] at each level of production; changes in ceteris paribus will cause oscillations of [graphic href="?a01v40n61"][image: image155.jpg]


[/graphic] at [graphic href="?a01v40n61"][image: image156.jpg]


[/graphic]:[/p]
[p][graphic href="?a01v40n61"][image: image157.jpg](206) ry, = kle [S/(1 -c) =-n r(1)]



[/graphic][/p]
[p]This shows that if [graphic href="?a01v40n61"][image: image158.jpg]"



[/graphic] then [graphic href="?a01v40n61"][image: image159.jpg]r(t)

[1/(1 - C)



[/graphic]. Given [graphic href="?a01v40n61"][image: image160.jpg]


[/graphic] then:[/p]
[p][graphic href="?a01v40n61"][image: image161.jpg](27) ry, = kle [k c/(1=c)=n r(t)]



[/graphic][/p]
[p]At [graphic href="?a01v40n61"][image: image162.jpg]w = 0: r(t)

[c/(1

-C)|



[/graphic] and at[graphic href="?a01v40n61"][image: image163.jpg]


[/graphic] which requires [graphic href="?a01v40n61"][image: image164.jpg]S =nc =kc



[/graphic] and thus[graphic href="?a01v40n61"][image: image165.jpg]W = kle n[r(t)-r(t)] =0



[/graphic]; it explains that ceteris paribus if [graphic href="?a01v40n61"][image: image166.jpg]


[/graphic] inevitably [graphic href="?a01v40n61"][image: image167.jpg]


[/graphic] to preserve [graphic href="?a01v40n61"][image: image168.jpg]r(t) = k/e r(t)



[/graphic].[/p]
[p][graphic href="?a01v40n61"][image: image169.png](28) ry, = (K=n) kle r(t)



[/graphic].[/p]
[p]Suppose that [graphic href="?a01v40n61"][image: image170.jpg]


[/graphic] at actual [graphic href="?a01v40n61"][image: image171.jpg]


[/graphic] and as per equation (28) [graphic href="?a01v40n61"][image: image172.jpg]W = =N k/€ r(t)



[/graphic] and [graphic href="?a01v40n61"][image: image173.jpg][



[/graphic] will fluctuate at [graphic href="?a01v40n61"][image: image174.jpg]


[/graphic] ; due to [graphic href="?a01v40n61"][image: image175.jpg]r(t) = k/e r(t)



[/graphic] then[graphic href="?a01v40n61"][image: image176.jpg]


[/graphic], explaining that actual [graphic href="?a01v40n61"][image: image177.jpg]


[/graphic] might rise (decrease) as (n) varies and it could occur even if [graphic href="?a01v40n61"][image: image178.jpg]


[/graphic]. On the other hand, if ceteris paribus [graphic href="?a01v40n61"][image: image179.jpg]


[/graphic] equation (28) becomes [graphic href="?a01v40n61"][image: image180.jpg]


[/graphic] and variations in (k) induce fluctuations of [graphic href="?a01v40n61"][image: image181.jpg][



[/graphic] around [graphic href="?a01v40n61"][image: image182.jpg]


[/graphic].1 The second result requires a definition of the production growth function, which is described in the following section.[/p]
[p]Let us introduce the above definition [graphic href="?a01v40n61"][image: image183.png]Nt (t) = enb(t)



[/graphic] after differentiating equation (20), to have:[/p]
[p][graphic href="?a01v40n61"][image: image184.jpg](29) r"w = [Cw/(1 - Cw)]()\w - ﬁ)



[/graphic][/p]
[p][graphic href="?a01v40n61"][image: image185.png]Cw/(1=-Cyw)



[/graphic] is the slope of [graphic href="?a01v40n61"][image: image186.png]


[/graphic] and [graphic href="?a01v40n61"][image: image187.png]r(t) = cy/(1

- Cw)



[/graphic] at a given instant (t), hence:[/p]
[p][graphic href="?a01v40n61"][image: image188.jpg](Ay = N) /e r(t)



[/graphic][/p]
[p]This is [xref  ref-type="bibr" rid="r5"]Keynes’s (1964[/xref], p. 55) effective demand function, which is:[/p]
[quote]Simply the aggregate income (or proceeds) which the entrepreneurs expect to receive, inclusive of the incomes which they will hand on to the other factors of production, from the amount of current employment which they decide to give (…) the point on the aggregate demand function which becomes effective because, taken in conjunction with the conditions of supply, it corresponds to the level of employment which maximises the entrepreneur’s expectation of profit.[/quote]
[p]Matching equations (30) and (24), the possibility is shown for these two rates to coincide:[graphic href="?a01v40n61"][image: image189.jpg]


[/graphic]and if in a specific point of time [graphic href="?a01v40n61"][image: image190.jpg]


[/graphic] then[graphic href="?a01v40n61"][image: image191.jpg]A



[/graphic]. The rate [graphic href="?a01v40n61"][image: image192.jpg]


[/graphic] plays a role in this point of equilibrium: inserting [graphic href="?a01v40n61"][image: image193.jpg]


[/graphic] and [graphic href="?a01v40n61"][image: image194.jpg]


[/graphic] into[graphic href="?a01v40n61"][image: image195.jpg]


[/graphic] and after simplifying the result, [graphic href="?a01v40n61"][image: image196.jpg]n k/e r(t) |
Dy =

I(1=-c

w =[S

MW



[/graphic]and[graphic href="?a01v40n61"][image: image197.jpg]r(t) = ke r(t)



[/graphic] in order for:[/p]
[p][graphic href="?a01v40n61"][image: image198.jpg](31) rw=I[s/(1-c, )=-nF(t)]



[/graphic][/p]
[p]Equalizing this equation with equation (26) and simplifying the result, [graphic href="?a01v40n61"][image: image199.jpg]kle si(1-c)-s/(1-c, )] =[n-n]ii)



[/graphic] and at[graphic href="?a01v40n61"][image: image200.jpg](n=n);kle=(1-c)/((1-c_)

W



[/graphic]; substituting this expression in equation (26) it is found that [graphic href="?a01v40n61"][image: image201.jpg]S/(1=-c) = nr(t)]



[/graphic] and [graphic href="?a01v40n61"][image: image202.jpg]"



[/graphic]. In addition,[graphic href="?a01v40n61"][image: image203.jpg]


[/graphic], which when replaced in the preceding definition gives [graphic href="?a01v40n61"][image: image204.jpg]


[/graphic]. Similarly, [graphic href="?a01v40n61"][image: image205.jpg]


[/graphic] so that equation (31) gives [graphic href="?a01v40n61"][image: image206.jpg]fw = [Ny, /(1 -C,

)-ni{t)]~ry =



[/graphic] . If [graphic href="?a01v40n61"][image: image207.jpg](n = Kk): s=Kkcy,



[/graphic] and[graphic href="?a01v40n61"][image: image208.jpg]'w = [kcy /(1=-c,)=-nr(t)]



[/graphic] then:[/p]
[p][graphic href="?a01v40n61"][image: image209.jpg](32) ry =

[k = n] r(t)



[/graphic][/p]
[p]Once equations (32) and (28) are harmonized, [graphic href="?a01v40n61"][image: image210.png](k =-n) r(t) = (k- n) k/e r(t)



[/graphic], hence:[/p]
[p][graphic href="?a01v40n61"][image: image211.jpg](33) r(t)

[(k =n)/(k =n)] &/e r(t)



[/graphic][/p]
[p]This equation elucidates the fundamental reasons why [graphic href="?a01v40n61"][image: image212.png]


[/graphic] might fluctuate around [graphic href="?a01v40n61"][image: image213.png]


[/graphic]; at [graphic href="?a01v40n61"][image: image214.png](N=n); kle = 1



[/graphic] it is unveiled that [graphic href="?a01v40n61"][image: image215.png]


[/graphic]; precisely at the point of warranted/natural rates of growth stability or at the equilibrium of effective aggregated demand functions, when [graphic href="?a01v40n61"][image: image216.png](n=Nn);(c=cy) iy =0 A=Ay



[/graphic].[/p]
[/subsec][subsec][sectitle]Warranted and Natural Production Growth Function[/sectitle]
[p]This theoretical analysis suggests that Harrod’s dynamic economic growth basically combines capital goods namely [graphic href="?a01v40n61"][image: image217.png]


[/graphic] and labor [graphic href="?a01v40n61"][image: image218.png]


[/graphic] to provide a warranted level of production. The warranted production function might be:[/p]
[p][graphic href="?a01v40n61"][image: image219.jpg](34) Y(1), = F [£K(t), eL(t)]



[/graphic][/p]
[p]As per equation (20), the prior equation is transformed into:[/p]
[p][graphic href="?a01v40n61"][image: image220.jpg](35) Y(t), = F[F{),1] eL(t)



[/graphic][/p]
[p]It defines the average warranted labor productivity at a given [graphic href="?a01v40n61"][image: image221.jpg]


[/graphic];[graphic href="?a01v40n61"][image: image222.jpg]Y (t), /eL(t) = F[r(t),1]



[/graphic] the warranted average labor’s productivity curve and at [graphic href="?a01v40n61"][image: image223.jpg]


[/graphic] then[graphic href="?a01v40n61"][image: image224.jpg]Y(t), /L(t) = F [ r(t),1]



[/graphic]:2[/p]
[p][graphic href="?a01v40n61"][image: image225.jpg](36) y, = F[#(t)1]



[/graphic][/p]
[p]At [graphic href="?a01v40n61"][image: image226.jpg]


[/graphic] function (35) turns into an effective warranted production function[graphic href="?a01v40n61"][image: image227.jpg]Y(t), = F[F(t),1]L(t)



[/graphic] whose derivative provides that [graphic href="?a01v40n61"][image: image228.jpg]


[/graphic]which in terms of warranted[/p]
[p]average rate of labor’s productivity is:[/p]
[p][graphic href="?a01v40n61"][image: image229.jpg](37) A = (1 -cy)ny,



[/graphic][/p]
[p]ceteris paribus [graphic href="?a01v40n61"][image: image230.png]


[/graphic] capital’s and labor’s productivity remains the same.[/p]
[p]The derivative of function (32) in terms of [graphic href="?a01v40n61"][image: image231.png]


[/graphic] gives:[/p]
[p][graphic href="?a01v40n61"][image: image232.jpg]38) Y, =f(kK, eL)



[/graphic][/p]
[p]And if [graphic href="?a01v40n61"][image: image233.jpg]


[/graphic] at a determined point of production processes, the previous function is [graphic href="?a01v40n61"][image: image234.jpg]Y, = f[ksY(t), eL]



[/graphic] and per equation (16) [graphic href="?a01v40n61"][image: image235.png]


[/graphic] so that[/p]
[p]and since [graphic href="?a01v40n61"][image: image236.png]Nt (t) = enl(t)



[/graphic] then:[/p]
[p][graphic href="?a01v40n61"][image: image237.jpg](39) Yy =f[sY(t),, Mt(t)



[/graphic][/p]
[p]It follows that [graphic href="?a01v40n61"][image: image238.png]AWY (1), = T[sY(L),, NL(t)]



[/graphic], so:[/p]
[p][graphic href="?a01v40n61"][image: image239.jpg](40) Ay =1[s, (1-cy)N]



[/graphic][/p]
[p]At a warranted rate of growth, it is a condition [graphic href="?a01v40n61"][image: image240.jpg]


[/graphic] which substituted in the above function, can be useful “when production takes place under the usual neoclassical conditions of variable proportions and constant returns to scale” ([xref  ref-type="bibr" rid="r6"]Solow, 1956[/xref], p. 73):[/p]
[p][graphic href="?a01v40n61"][image: image241.jpg](41) Ay =1 (Nn)=1(s/cy)



[/graphic][/p]
[p]Let this be the warranted neoclassical condition, which is also Keynes’s effective demand; if[graphic href="?a01v40n61"][image: image242.jpg]


[/graphic] in function (40) then [graphic href="?a01v40n61"][image: image243.jpg]l-n/s| =[1/(1 -cy)l



[/graphic] and if [graphic href="?a01v40n61"][image: image244.jpg]


[/graphic] then [graphic href="?a01v40n61"][image: image245.jpg]?(t) = [Cw/(1 - Cw)]



[/graphic]. After inserting [graphic href="?a01v40n61"][image: image246.jpg]N = S/Cy,



[/graphic] in function (40) another result is: [graphic href="?a01v40n61"][image: image247.jpg]Ay =T11[1, 1/r(t)]s



[/graphic] where:[/p]
[p][graphic href="?a01v40n61"][image: image248.jpg](42) y, =F[1, 1/i(t)]



[/graphic][/p]
[p]If [graphic href="?a01v40n61"][image: image249.png]K) = s/cy,



[/graphic] then [graphic href="?a01v40n61"][image: image250.png]S = kcy,



[/graphic], so that:[/p]
[p][graphic href="?a01v40n61"][image: image251.jpg](43) M = Kkeywyy



[/graphic][/p]
[p]If [graphic href="?a01v40n61"][image: image252.jpg]Y, =¥ =~ F[r(),1]=F[1, 1/i(t)]



[/graphic] the result will be [graphic href="?a01v40n61"][image: image253.jpg]


[/graphic] and by equalizing equations (43) and (37)[graphic href="?a01v40n61"][image: image254.jpg]Nn/k = cy/(1=-cy)



[/graphic] where [graphic href="?a01v40n61"][image: image255.jpg]


[/graphic] is the elasticity or velocity of [graphic href="?a01v40n61"][image: image256.jpg]


[/graphic], so that:[/p]
[p][graphic href="?a01v40n61"][image: image257.jpg](44) u, =cy/(1-Cy)



[/graphic][/p]
[p]Now it is feasible to measure [graphic href="?a01v40n61"][image: image258.jpg]


[/graphic] at each instant:[/p]
[p][graphic href="?a01v40n61"][image: image259.jpg](49) cyy = U, /(1 + 4, )



[/graphic][/p]
[p]When production processes are labor intensive it occurs that [graphic href="?a01v40n61"][image: image260.png]O<p, <1)



[/graphic] and capital contribution to production growth could be lesser tan that of labor. In a capital-intensive production process [graphic href="?a01v40n61"][image: image261.png]


[/graphic] and capital contribution will be greater than that of labor.[/p]
[p]When [graphic href="?a01v40n61"][image: image262.jpg]


[/graphic] function (38) reveals warranted production growth at both [graphic href="?a01v40n61"][image: image263.jpg]K(t)



[/graphic] and [graphic href="?a01v40n61"][image: image264.png]


[/graphic] levels: [graphic href="?a01v40n61"][image: image265.png]Y, = f (k KK(t), L)



[/graphic]. Also [graphic href="?a01v40n61"][image: image266.png]Nt (t) = enl(t)



[/graphic] and, hence:[/p]
[p][graphic href="?a01v40n61"][image: image267.jpg](46) Y, =f [KK(t),,, nt(t)]



[/graphic][/p]
[p]Equalizing this function with function (39) results in [graphic href="?a01v40n61"][image: image268.png]


[/graphic] which proves that [graphic href="?a01v40n61"][image: image269.png]S = kcy,



[/graphic], as suggested before. Function (46) can also be expressed as [graphic href="?a01v40n61"][image: image270.png]AWY (1), =T [kK(t), , NL(t)]



[/graphic] and [graphic href="?a01v40n61"][image: image271.png]Aw = TIKK(L),, 7 Y(1),,, nk(t) / Y(T), ]

W



[/graphic] so that:[/p]
[p][graphic href="?a01v40n61"][image: image272.jpg](47) A, =1][kcy, (1-cy)n|



[/graphic][/p]
[p]This also arises from function (40) after substituting [graphic href="?a01v40n61"][image: image273.jpg]S = kcy,



[/graphic]. Multiplying both sides of that function by [graphic href="?a01v40n61"][image: image274.jpg]


[/graphic] results in[graphic href="?a01v40n61"][image: image275.jpg]AWY (1), = T[kcy, (1 -cy)n]Y(1),



[/graphic] and [graphic href="?a01v40n61"][image: image276.jpg]Yw = [kewY(t),,, (1 -cy)i Y(1)



[/graphic] reveals total contribution of capital and labor to the value of [graphic href="?a01v40n61"][image: image277.jpg]


[/graphic] For the additional capital it is:[/p]
[p][graphic href="?a01v40n61"][image: image278.jpg](48) Yk, = kowY(t),



[/graphic][/p]
[p]where [graphic href="?a01v40n61"][image: image279.png]kCW = YK(t)W/Y (t)w



[/graphic]and let [graphic href="?a01v40n61"][image: image280.png]Aty = Y /Y (t)

W



[/graphic] be the average contribution of capital, so that:[/p]
[p][graphic href="?a01v40n61"][image: image281.jpg](49) )\K(t)w = kCW



[/graphic][/p]
[p]And the relative contribution is:[/p]
[p][graphic href="?a01v40n61"][image: image282.jpg](50) )\K(t)w/k = Cy



[/graphic][/p]
[p]For the added labor total contribution is:[/p]
[p][graphic href="?a01v40n61"][image: image283.jpg](51) Yew = (1 - cw)AY(t),,



[/graphic][/p]
[p]And [graphic href="?a01v40n61"][image: image284.png]Aoy = Yeo/Y(1),,



[/graphic] is its average contribution, from which:[/p]
[p][graphic href="?a01v40n61"][image: image285.jpg](92) Ay =(1-Cy)N



[/graphic][/p]
[p]and its relative contribution is:[/p]
[p][graphic href="?a01v40n61"][image: image286.jpg](93) MAy/n=(1-cy)



[/graphic][/p]
[p]Per equations (49) and (52) which are equivalents of equations (43) and[/p]
[p](37), respectively, function (47) is redefined as:[/p]
[p][graphic href="?a01v40n61"][image: image287.jpg](94) Aw =1 [Akt),» Moy



[/graphic][/p]
[p]The warranted rate of growth is influenced by the fundamental conditions of the natural rate of growth. In function (38) [graphic href="?a01v40n61"][image: image288.png]AWY (1), = T [kKK(T), enl(t)]



[/graphic] and if [graphic href="?a01v40n61"][image: image289.png]


[/graphic] and [graphic href="?a01v40n61"][image: image290.png]


[/graphic] then:[/p]
[p][graphic href="?a01v40n61"][image: image291.jpg](99) ALY(1), =T [KK(t),, nL(t)]



[/graphic][/p]
[p]This function makes visible the available capital and labor force effectively employed in a specific period of production. Per this new function [graphic href="?a01v40n61"][image: image292.png]Ay = TIKK(T),, /Y(T),, nL(t)/Y (1), ]



[/graphic] and thus:[/p]
[p][graphic href="?a01v40n61"][image: image293.jpg](96) Ay =T [kcy, (1-c )N ]



[/graphic][/p]
[p]This function is useful in depicting dynamic instability in the economic growth system due to the fact that [graphic href="?a01v40n61"][image: image294.png]


[/graphic] are related to the natural increments of capital and labor force, and for this reason might reveal the unemployment of those available resources at [graphic href="?a01v40n61"][image: image295.jpg]


[/graphic]. Suppose [graphic href="?a01v40n61"][image: image296.png]


[/graphic], so:[/p]
[p][graphic href="?a01v40n61"][image: image297.jpg](57) |-n/k| Z c,/(1-c,)



[/graphic][/p]
[p]In this case [graphic href="?a01v40n61"][image: image298.png]U = n/k



[/graphic] is the elasticity or velocity of natural resource composition, which should be greater or lesser than or equal to the velocity of warranted resource composition [graphic href="?a01v40n61"][image: image299.png]


[/graphic]; [graphic href="?a01v40n61"][image: image300.png](M =nlk) 2 (b, = A/K)



[/graphic]. This will depend on the momentums of the economic growth system, where movements are depicted by the product mass by velocity and [graphic href="?a01v40n61"][image: image301.png](M, M)



[/graphic] reflects the oscillating movements in the gravitational field of economic growth [graphic href="?a01v40n61"][image: image302.png](‘Y1 ‘YW)



[/graphic] tracked by [graphic href="?a01v40n61"][image: image303.png]


[/graphic] and accelerated by [graphic href="?a01v40n61"][image: image304.jpg]


[/graphic].[/p]
[p]Natural momentum: [graphic href="?a01v40n61"][image: image305.png]Y =[ K, L] = AY(t) = [ KK(t), nL(1)]



[/graphic] where the masses are[graphic href="?a01v40n61"][image: image306.jpg]


[/graphic] so that the respective velocities are [graphic href="?a01v40n61"][image: image307.png]


[/graphic] from which[graphic href="?a01v40n61"][image: image308.jpg]Y (1)

F [K(t), L(t)]



[/graphic] in momentum zero and [graphic href="?a01v40n61"][image: image309.jpg]


[/graphic] is the variation of [graphic href="?a01v40n61"][image: image310.png]


[/graphic] at velocity as a result of the velocity [graphic href="?a01v40n61"][image: image311.png]


[/graphic] by mass [graphic href="?a01v40n61"][image: image312.jpg]


[/graphic] for capital and velocity [graphic href="?a01v40n61"][image: image313.png]


[/graphic] by mass [graphic href="?a01v40n61"][image: image314.png]


[/graphic] for labor force: [graphic href="?a01v40n61"][image: image315.png]


[/graphic]. In this case, some centrifugal forces include ignition of a field in motion toward instability, increase in population, accumulation of capital and savings, science, technological improvement and the work/leisure preference schedule ([xref  ref-type="bibr" rid="r3"]Harrod R. F., 1939[/xref], p. 30).  Warranted momentum: [graphic href="?a01v40n61"][image: image316.jpg]Yo = f (kK €L) = A, Y (1), = f [kkK(t), enL(t)



[/graphic][/p]
[p]is the product of such masses by such velocities [graphic href="?a01v40n61"][image: image317.jpg]


[/graphic] whose outcome is warranted economic growth:[graphic href="?a01v40n61"][image: image318.jpg]


[/graphic]. It is a moving equilibrium caused by the circumstances operating as centripetal and other inertial forces, conjugated by [graphic href="?a01v40n61"][image: image319.png](k/€)



[/graphic]; including government policies (e.g. monetary, fiscal, commerce), the trade cycle and level of activity, producer and labor organizations and rules ([xref  ref-type="bibr" rid="r3"]Harrod R. F., 1939[/xref], p. 22).[/p]
[p]These two momentums can be exposed by conjunction: [graphic href="?a01v40n61"][image: image320.jpg]AY (1) = Ay Y (1), [ kK(T), nL(t)] = [kkK(t), enL(t)



[/graphic] so that [graphic href="?a01v40n61"][image: image321.jpg](1 - HkK

-(1=-¢)nL(t)



[/graphic] and thus [graphic href="?a01v40n61"][image: image322.jpg]1= n/k| = [(1 - k)/(1 -€)] K(t)/L(t)



[/graphic] hence:[/p]
[p][graphic href="?a01v40n61"][image: image323.jpg](598) u=1=-k/(1=-€)r



[/graphic][/p]
[p]In that system [graphic href="?a01v40n61"][image: image324.png]


[/graphic] at [graphic href="?a01v40n61"][image: image325.png]


[/graphic] ceteris paribus but if [graphic href="?a01v40n61"][image: image326.png](€ # k)



[/graphic] the previous equation turns into:[/p]
[p][graphic href="?a01v40n61"][image: image327.jpg](99) y, = (1-K)/(1-¢)r(1)



[/graphic][/p]
[p]Which is [graphic href="?a01v40n61"][image: image328.png]


[/graphic]: “The acceleration principle is presented as a leading dynamic determinant” but “there is no inherent tendency for these two (momentums) to coincide” ([xref  ref-type="bibr" rid="r3"]Harrod R. F., 1939[/xref], pp. 26, 30). The role of [graphic href="?a01v40n61"][image: image329.png]U = n/k



[/graphic] can be clarified by equation (56) by [graphic href="?a01v40n61"][image: image330.png]


[/graphic] or [graphic href="?a01v40n61"][image: image331.png]K = n/u



[/graphic] and:[/p]
[p][graphic href="?a01v40n61"][image: image332.jpg](60) Ay =t [cw, (1=-c )UK Ay =T[Cy/H,(1=-C, )N



[/graphic][/p]
[p]The natural production function can also be defined simply by Solow’s[/p]
[p]production function:[/p]
[p][graphic href="?a01v40n61"][image: image333.jpg](61) Y(t) = FIK(1), L(t)]



[/graphic][/p]
[p]whose derivative is [graphic href="?a01v40n61"][image: image334.png]Y = (K, L)



[/graphic] so [graphic href="?a01v40n61"][image: image335.jpg]A=T[KK({)/Y(t), nL(t)/Y(t)]



[/graphic]and the[/p]
[p]natural rate of growth is:[/p]
[p][graphic href="?a01v40n61"][image: image336.jpg](62)A=1]ck, (1-c)n|



[/graphic][/p]
[p]And if [graphic href="?a01v40n61"][image: image337.png]


[/graphic] we get the equivalent of function (41) which is also Keynes’s aggregated demand:[/p]
[p][graphic href="?a01v40n61"][image: image338.jpg](63) A=

f(n)=1

(r=k); A=1(k)

f(r=-n



[/graphic][/p]
[p]At [graphic href="?a01v40n61"][image: image339.jpg]


[/graphic] and [graphic href="?a01v40n61"][image: image340.png]k:n) >0



[/graphic] it implies a diminishing contribution. At [graphic href="?a01v40n61"][image: image341.jpg]


[/graphic] in equation (62):[/p]
[p][graphic href="?a01v40n61"][image: image342.png](64) |-n/k|=c/(1-C)



[/graphic][/p]
[p]This exposes the reasons why equation (57) is expressed as inequality. Also:[/p]
[p][graphic href="?a01v40n61"][image: image343.jpg](65)u=c/(1-cC)



[/graphic][/p]
[p][graphic href="?a01v40n61"][image: image344.jpg](66)

c=u/(1+u



[/graphic][/p]
[p]Let [graphic href="?a01v40n61"][image: image345.jpg]c=F(u)



[/graphic] to obtain 1): [graphic href="?a01v40n61"][image: image346.png]. o Moy L
limF () = lim () =0



[/graphic] and 2) [graphic href="?a01v40n61"][image: image347.jpg]. . M
limF(u)=Ilim (—)z 1
U —>0 (IJ) H— 0 1+ V]



[/graphic] to conclude that [graphic href="?a01v40n61"][image: image348.png]


[/graphic] thereby [graphic href="?a01v40n61"][image: image349.png]


[/graphic] descends horizontal asymptote as [graphic href="?a01v40n61"][image: image350.jpg]u >0



[/graphic].[/p]
[/subsec][subsec][sectitle]Saving and Capital Accumulation[/sectitle]
[p]Inserting [graphic href="?a01v40n61"][image: image351.jpg]¢

¢



[/graphic] into function (47) results in [graphic href="?a01v40n61"][image: image352.jpg])\w =1 [CW1 (1 -CW)I“IW] k



[/graphic] where [graphic href="?a01v40n61"][image: image353.jpg])\w =1 [CW1 (1 -CW)I“IW] S/Cw



[/graphic] and thus [graphic href="?a01v40n61"][image: image354.jpg]


[/graphic] at constant returns to scale. But we can compute the rate of saving by equation (47) after differentiating equation (20) to obtain[graphic href="?a01v40n61"][image: image355.jpg]


[/graphic] so that[graphic href="?a01v40n61"][image: image356.jpg]Ay =T[(r+n)cy, (1-cy,)N|



[/graphic] from which [graphic href="?a01v40n61"][image: image357.jpg]Ay =T[(r+n)cy, (1-cy,)N|



[/graphic] and by[graphic href="?a01v40n61"][image: image358.jpg]n/u,



[/graphic] will result [graphic href="?a01v40n61"][image: image359.jpg]Fr=n/p, -n=r=[1=-p, )y, In



[/graphic] in order to [graphic href="?a01v40n61"][image: image360.jpg]Aw =T[(1=-p,)Cw/H, + 1IN



[/graphic] where[graphic href="?a01v40n61"][image: image361.jpg]Aw = tllcw, (1-cyw)u, J/u,In



[/graphic]
and because [graphic href="?a01v40n61"][image: image362.jpg]


[/graphic].[/p]
[p][graphic href="?a01v40n61"][image: image363.jpg](67) Ay =T[cy, (1-cy)u,JK



[/graphic][/p]
[p]And defining [graphic href="?a01v40n61"][image: image364.png]KM®Ow=s Y(t),



[/graphic] so that:[/p]
[p][graphic href="?a01v40n61"][image: image365.jpg](68) k = sA/cy,



[/graphic][/p]
[p]be the effective or recorded capital growth rate where [graphic href="?a01v40n61"][image: image366.jpg]


[/graphic] symbolizes the recorded production growth rate. This function turns into:[/p]
[p][graphic href="?a01v40n61"][image: image367.jpg](69) Ay =T [cy, (1-cy)uH, JSA/Cy,



[/graphic][/p]
[p]Here [graphic href="?a01v40n61"][image: image368.png]


[/graphic] can be disclosed as follows:[/p]
[p][graphic href="?a01v40n61"][image: image369.jpg](70) S= [Cw / [CW1 (1 -CW)I“IW] )\Wlf\



[/graphic][/p]
[p][graphic href="?a01v40n61"][image: image370.png]


[/graphic] is the warranted rate of saving to get [graphic href="?a01v40n61"][image: image371.png]


[/graphic] at each instant, which must be compared with the effective [graphic href="?a01v40n61"][image: image372.jpg]


[/graphic]; this outcome is also obtained per equation (68). Multiplying both sides of this equation by the recorded [graphic href="?a01v40n61"][image: image373.png]


[/graphic] the result is the level of saving [graphic href="?a01v40n61"][image: image374.png]


[/graphic] at each instant. From this results must be possible to derive the capital depreciation and the replacement and new capital into capital accumulation process ([xref  ref-type="bibr" rid="r11"]Villalobos C. D., 2020[/xref]). If [graphic href="?a01v40n61"][image: image375.png]A< Ay



[/graphic] the economy makes inefficient use of saving resulting in an excess of capital accumulation and low depreciation.[/p]
[/subsec][subsec][sectitle]Steady Natural Rate of Growth[/sectitle]
[p]“A steady rate of increase implies that a constant fraction of income is saved. If the fraction of income saved is increasing or decreasing, that implies an accelerating or decelerating increase of income” ([xref  ref-type="bibr" rid="r4"]Harrod R. F., 1960[/xref]). By inserting [xref ref-type="bibr" rid="r3"]Harrod’s (1939[/xref]) definition [graphic href="?a01v40n61"][image: image376.png]K = sY(t)



[/graphic], from which [graphic href="?a01v40n61"][image: image377.jpg]K = SY(1)/K(1)



[/graphic], into equation (62) we get [xref  ref-type="bibr" rid="r8"]Swan’s (1956[/xref]) basic formula [graphic href="?a01v40n61"][image: image378.jpg]v = (asY/K, [Bn)



[/graphic], which illustrates “the connection between capital accumulation and the growth of the productive labor force” [xref ref-type="bibr" rid="r8"](Swan T. W., 1956[/xref], p. 334) measured by resources’ share (income) on production growth at constant returns to scale following [xref  ref-type="bibr" rid="r1"]Cobb and Douglas’s (1928[/xref]) production function, instead of resources’ contribution to production growth; from function (62) [graphic href="?a01v40n61"][image: image379.png]A=f[scY(D)/K(t), (1-c)n]



[/graphic] after substituting the above definition we obtain the natural economic growth rate:[/p]
[p][graphic href="?a01v40n61"][image: image380.jpg](F1)AN=1][s, (1-c)n]



[/graphic][/p]
[p]Inserting [graphic href="?a01v40n61"][image: image381.jpg]


[/graphic] into the above function we get [graphic href="?a01v40n61"][image: image382.jpg]A=1(n)



[/graphic] and if [graphic href="?a01v40n61"][image: image383.jpg]


[/graphic] then [graphic href="?a01v40n61"][image: image384.jpg]A=1(k)



[/graphic]. Also, this function provides a key result after inserting [graphic href="?a01v40n61"][image: image385.jpg]n=Ss/C



[/graphic]:[/p]
[p][graphic href="?a01v40n61"][image: image386.jpg](72) A=st[1, 1/r(t)]



[/graphic][/p]
[p]This explains that increments in production per unit of capital to labor are determined by the appropriate level of saving. This previous function is a key component in both [xref  ref-type="bibr" rid="r6"]Solow’s (1956[/xref]) fundamental equation and [xref  ref-type="bibr" rid="r8"]Swan’s (1956[/xref], p. 335) “basic formula for the rate of growth of output”. However, Swan’s basic formula provides an essential relationship between resources’ share on production growth , “when production takes place under the usual neoclassical conditions of variable proportions and constant returns to scale” [xref ref-type="bibr" rid="r6"](Solow, 1956, p. 73[/xref]) and resources’ contribution to production growth [graphic href="?a01v40n61"][image: image387.jpg]


[/graphic];[graphic href="?a01v40n61"][image: image388.jpg]v = (asY/K, [Bn)



[/graphic] and [graphic href="?a01v40n61"][image: image389.jpg]


[/graphic] so [graphic href="?a01v40n61"][image: image390.jpg]y = (as/c, Bn)



[/graphic] and by adding [graphic href="?a01v40n61"][image: image391.jpg]n=Ss/C



[/graphic] Swan’s basic formula becomes3:[/p]
[p][graphic href="?a01v40n61"][image: image392.jpg]3) v =(a, B)s/c



[/graphic][/p]
[p]Swan’s basic formula can be expressed as [graphic href="?a01v40n61"][image: image393.png]vy = (ak, Bn)



[/graphic] which is the counterpart of function (62)4; provided that [graphic href="?a01v40n61"][image: image394.jpg]


[/graphic], function (43) is [graphic href="?a01v40n61"][image: image395.png]A=flak, (1-a)n]



[/graphic] and at [graphic href="?a01v40n61"][image: image396.jpg]


[/graphic] results in [graphic href="?a01v40n61"][image: image397.jpg]A=1[a, (1-0a)]s/c



[/graphic]:[/p]
[p][graphic href="?a01v40n61"][image: image398.jpg](74) A =1(s/c)



[/graphic][/p]
[p]It also explains that rate [graphic href="?a01v40n61"][image: image399.png]


[/graphic] is required for steady [graphic href="?a01v40n61"][image: image400.jpg]


[/graphic]; [graphic href="?a01v40n61"][image: image401.png]S =1(cA)



[/graphic] which can be obtained from equation 62 or 63. From function (56) the corresponding warranted rate of economic growth is [graphic href="?a01v40n61"][image: image402.png]Aw = TlcySY([®)/K(t), (1-c, )n]



[/graphic] so that:[/p]
[p][graphic href="?a01v40n61"][image: image403.jpg](75) Ay =Tt[cysic, (1-c,)n]



[/graphic][/p]
[p]Or also:[/p]
[p][graphic href="?a01v40n61"][image: image404.jpg](76) Ay =T[ay, (1-a,)]s/c; Ay, =T (s/C)



[/graphic][/p]
[p]And for Swan’s basic formula: [graphic href="?a01v40n61"][image: image405.png]y = (Qw, B,,)s/C



[/graphic]. Equation (28) can, therefore, be renewed as follows:[/p]
[p][graphic href="?a01v40n61"][image: image406.jpg](77) ry =kle[c/(1=-C)-r(t) |S/C



[/graphic][/p]
[p]This reveals the tendency of warranted resource composition as ceteris paribus the rate of saving varies, denoting an unbalanced production growth. Per equation (24), that condition of economic growth instability can be expressed as [graphic href="?a01v40n61"][image: image407.png]w = (A =n) r(t)



[/graphic] and at [graphic href="?a01v40n61"][image: image408.jpg]n=Ss/C



[/graphic] will result in:[/p]
[p][graphic href="?a01v40n61"][image: image409.png](/8) ry, = (A =5S/c) kle r(t)



[/graphic][/p]
[p]It is clear that the natural rate of growth is determined by velocities, the rate of saving and the average capital’s contribution. Harrod’s instability of economic growth motivates [xref  ref-type="bibr" rid="r6"]Solow’s (1956[/xref]) ‘A model of long-run growth’ providing the fundamental equation [graphic href="?a01v40n61"][image: image410.png]= S F[r(t),1)] - n r(t)



[/graphic], which describes the potential trajectory of [graphic href="?a01v40n61"][image: image411.png]


[/graphic]. Solow’s equation comes from the derivative of natural resource composition according to equation (23): [graphic href="?a01v40n61"][image: image412.jpg]


[/graphic] and [graphic href="?a01v40n61"][image: image413.jpg]r = [k K(t)/L(t) - n K(1)/L(t) |



[/graphic] so that [graphic href="?a01v40n61"][image: image414.jpg][ =K r(t) - n r(t)



[/graphic]and after replacing [graphic href="?a01v40n61"][image: image415.jpg]K = SY(1)/K(1)



[/graphic] results in [graphic href="?a01v40n61"][image: image416.jpg]r = s/cr(t) - n r(t)



[/graphic] and if [graphic href="?a01v40n61"][image: image417.jpg]n=Ss/C



[/graphic]:[/p]
[p][graphic href="?a01v40n61"][image: image418.jpg](79)

r=1r(t) -r(t)]s/c



[/graphic][/p]
[p]This equation is tautological, reason for which it reveals only a steady natural rate of growth in Solow’s fundamental equation. By partially reverting Solow’s equation it will yield [graphic href="?a01v40n61"][image: image419.png]Y (t)/K(t) = F[[K(), L(O)/K()] = F[r(t),1)] = 1/c



[/graphic] and we can rewrite it as follows:[/p]
[p][graphic href="?a01v40n61"][image: image420.jpg](80) r =s/c-nr(t)



[/graphic][/p]
[p]which can be achieved for labor by following the previous process: [graphic href="?a01v40n61"][image: image421.png]F = [K/L(t) = n r(t)]



[/graphic] and then substituting [graphic href="?a01v40n61"][image: image422.png]K = sY(t)



[/graphic] to get the counterpart of[/p]
[p]equation (26):[/p]
[p][graphic href="?a01v40n61"][image: image423.jpg](81) r=1[s[1/(1=-c)]-n r(t)]



[/graphic][/p]
[p]And [graphic href="?a01v40n61"][image: image424.jpg]


[/graphic]:[/p]
[p][graphic href="?a01v40n61"][image: image425.jpg](82) r=[nlc/(1=-c)]=-nr(t)]



[/graphic][/p]
[p]And [graphic href="?a01v40n61"][image: image426.png]=c/(1
U=

-C)



[/graphic] is a result of the derivative of Solow´s production function [graphic href="?a01v40n61"][image: image427.png]Y(t) = FIK(t), L(t)]



[/graphic] to achieve function (62) and at [graphic href="?a01v40n61"][image: image428.jpg]


[/graphic]:[/p]
[p][graphic href="?a01v40n61"][image: image429.jpg](83) r=[ u-r(t)] s/c



[/graphic][/p]
[p]At [graphic href="?a01v40n61"][image: image430.png]


[/graphic] and if [graphic href="?a01v40n61"][image: image431.png]k=¢€; U =r(t)



[/graphic].[/p]
[/subsec][/sec][sec sec-type="conclusions"][sectitle]Conclusions[/sectitle]
[p]As the introduction claims, the purpose of this study is to provide a better understanding of Harrod’s dynamic theory and to offer a new method of approach to attack some gaps. By working on the fundamental assumptions and suggestions supporting Harrod’s basic concepts and equations, we devised a new set of relations that provides an analytical model for dynamic economic growth. An interesting contribution of this study is having found new formulas with which to measure the coefficient of acceleration, resource composition, the rate of thrift for the require capital accumulation at each instant and their influence in the instability of warranted and natural production function. We also derived velocity as the elasticity of resource composition with which precise capital and labor contribution to production growth ([xref  ref-type="bibr" rid="r9"]Villalobos C. D., 2019[/xref]; [xref ref-type="bibr" rid="r10"]2019a[/xref]; [xref ref-type="bibr" rid="r11"]2020[/xref]).[/p]
[p]We conclude that warranted and natural rates of growth belong to the same system but they do not necessarily converge due to the fact that full employment of resources might be difficult to achieve. When convergence between these rates of growth occurs it appears as a moving equilibrium depending on the velocities of warranted and natural rates of growth in capital and labor, the state of the art or technique acting as the accelerator of warranted resource composition, and the capital and saving accumulation, among other centrifugal and centripetal social forces.[/p]
[p]In such a system, [xref  ref-type="bibr" rid="r6"]Solow’s (1956[/xref], p. 73) basic conclusion could occur as a moving equilibrium where momentarily the system can adjust at the rate of growth of the labor force but not approach a state of steady proportional expansion. [xref  ref-type="bibr" rid="r1"]Cobb and Douglas (1928[/xref]) questioned whether the increase in production is purely fortuitous or is primarily caused by technique, and the degree to which it responds to changes in the quantity of labor or capital. This strongly asserts Harrods’ natural and warranted rates of growth divergence, because natural rates of growth could be influenced by random events, but the warranted rate could assure that the processes of distribution are modeled at all closely upon those of the production of value, as suggested by [xref ref-type="bibr" rid="r1"]Cobb and Douglas (1928[/xref]). It cannot occur only ‘by a fluke’ ([xref  ref-type="bibr" rid="r8"]Swan T. W., 1956[/xref], p. 343), not as an odd piece of luck but as a consequence of demand-supply adjustments ([xref ref-type="bibr" rid="r6"]Solow, 1956[/xref], p. 77).[/p]
[p]ieve that these results could contribute to improving economic scientific knowledge on economic growth and be useful in enhancing government macroeconomic policies for a better allocation of available economic resources. This, in turn, will help to maintain a dynamic yet stable warranted rate of economic growth, thereby making business decisions less risky. New research in this field must pay explicit attention to variables such as the rate of interest, capital and labor costs and product pricing to achieve advances based on in this new model.[/p][/sec][/xmlbody]
[refs][sectitle]References[/sectitle]
[ref id="r1" reftype=“journal"][authors role="nd"][pauthor][surname]Cobb[/surname], [fname]W. C.[/fname][/pauthor], & [pauthor][surname]Douglas[/surname], [fname]H. P.[/fname][/pauthor][/authors] ([date dateiso="19280000" specyear="1928"]1928[/date]). [arttitle]A theory of production[/arttitle]. [source]The American Economic Review[/source], [volid]18 [/volid]([issueno]1[/issueno]), [pages]139-165[/pages].[/ref]
[ref id="r2" reftype=“journal"][authors role="nd"][pauthor][surname]Domar[/surname], [fname]E. D.[/fname][/pauthor][/authors] ([date dateiso="19460000" specyear="1946"]1946[/date]). [arttitle]Capital Expansion, Rate of Growth, and Employment. [/arttitle] [source]Econometrica[/source], [volid]14[/volid]([issueno]02[/issueno]), [pages]137-147[/pages].[/ref]
[ref id="r3" reftype=“journal"][authors role="nd"][pauthor][surname]Harrod[/surname], [fname]R. F.[/fname][/pauthor] [/authors]([date dateiso="19390000" specyear="1939"]1939[/date]). [arttitle]An essay in dynamic theory[/arttitle]. [source]The Economic Journal[/source], [volid]49[/volid] ([issueno]193[/issueno]), [pages]14-33[/pages]. doi: [pubid idtype="doi"]https://doi.org/10.2307/2225181[/pubid].[/ref]
[ref id="r4" reftype=“journal"][authors role="nd"][pauthor][surname]Harrod[/surname], [fname]R. F.[/fname][/pauthor] [/authors]([date dateiso="19600000" specyear="1960"]1960[/date]). [arttitle]Second essay in dynamic theory[/arttitle]. [source]The Economic Journal[/source], [volid]70[/volid] ([issueno]178[/issueno]), [pages]277-293[/pages]. doi: [pubid idtype="doi"]https://doi.org/10.2307/2228728.[/pubid][/ref]
[ref id="r5" reftype="book"][authors role="nd"][pauthor][surname]Keynes[/surname], [fname]J. M.[/fname][/pauthor] [/authors]([date dateiso="19640000" specyear="1964"]1964[/date]). [source]The general theory of employment, interest, and money[/source] ([volid]First [/volid]ed.). [publoc]United States of America[/publoc]: [pubname]A Harvest/HBJ Book[/pubname].[/ref]
[ref id="r6" reftype=“journal"][authors role="nd"][pauthor][surname]Solow[/surname], [fname]M. R.[/fname][/pauthor] [/authors]([date dateiso="19560000" specyear="1956"]1956[/date]). [arttitle]A contribution to the theory of economic growth. [/arttitle][source]The Quarterly Journal of Economics[/source], [volid]70[/volid]([issueno]1[/issueno]), [pages]65-94[/pages]. doi: [pubid idtype="doi"]https://doi. org/10.2307/1884513.[/pubid][/ref]
[ref id="r7" reftype=“journal"][authors role="nd"][pauthor][surname]Solow[/surname], [fname]M. R.[/fname][/pauthor][/authors] ([date dateiso="19570000" specyear="1957"]1957[/date]). [arttitle]Technical change and the aggregate production function.[/arttitle] [source]The Review of Economics and Statistics[/source], [volid]39 [/volid]([issueno]3[/issueno]), [pages]312-320[/pages]. doi: [pubid idtype="doi"]https://doi.org/10.2307/1926047.[/pubid][/ref]
[ref id="r8" reftype=“journal"][authors role="nd"][pauthor][surname]Swan[/surname], [fname]T. W.[/fname][/pauthor] [/authors]([date dateiso="19560000" specyear="1956"]1956[/date]). [arttitle]Economic growth and capital accumulation[/arttitle]. [source]Economic Record [/source]([issueno]32[/issueno]), [pages]334-361[/pages]. Doi: [pubid idtype="doi"]https://doi.org/10.1111/j.1475-4932.1956. tb00434.x[/pubid].[/ref]
[ref id="r9" reftype=“journal"][authors role="nd"][pauthor][surname]Villalobos[/surname], [fname]C. D.[/fname][/pauthor] [/authors]([date dateiso="20190000" specyear="2019"]2019[/date]). [arttitle]Crecimiento económico: Convergencia y divergencia.[/arttitle] [source]Economía y Sociedad[/source], [volid]24[/volid]([issueno]55[/issueno]), [pages]1-30[/pages]. doi: [pubid idtype="doi"]http://dx.doi. org/10.15359/eys.23-55.3.[/pubid][/ref]
[ref id="r10" reftype=“journal"][authors role="nd"][pauthor][surname]Villalobos[/surname], [fname]C. D.[/fname][/pauthor][/authors] ([date dateiso="20190000" specyear="2019a"]2019a[/date]). [arttitle]Crecimiento económico: Contribución y participación de los recursos.[/arttitle] [source]ABRA[/source], [volid]40[/volid]([issueno]59[/issueno]). doi: [pubid idtype="doi"]https://doi. org/10.15359/abra.39-59.1[/pubid][/ref]
[ref id="r11" reftype=“journal"][authors role="nd"][pauthor][surname]Villalobos[/surname], [fname]C. D.[/fname][/pauthor][/authors] ([date dateiso="20200000" specyear="2020"]2020[/date]). [arttitle]Economic growth: Productivity, thrift and capital accumulation. [/arttitle][source]Economía y Sociedad[/source], [volid]25[/volid]([issueno]57[/issueno]).[/ref][/refs]
[fngrp][fn id="fn1" fntype="other"][label]1[/label] Recall [xref ref-type="bibr" rid="r6"]Solow’s (1956[/xref], p. 70) assumption: “if the capital-labor ratio (…) should ever be established, it will be maintained, and capital and labor will grow thenceforward in proportion. By constant returns to scale, real output will also grow at the same relative rate n, and output per head of labor force Will be constant”. It does not necessarily reflect a natural rate of growth, because for to be stable it is required that. At capital investment must increase proportionally to to keep value ever established; to say: and of course proves that and productive curve also keeps its value but and if then will be higher than before showing a greater level of production by the amount. Hence, explains a new (lower) position of the natural rate of growth because of which indicates a greater potential for economic growth, and the prior location becomes the warranted rate of growth denoting unemployed labor force perhaps due to shortage of capital which inhibits. [xref ref-type="bibr" rid="r7"]Solow (1957[/xref]) makes an effort to better explain this issue. Additionally: “Even without technological progress, capital accumulation increases labor productivity, at least to a certain point, both because more capital is used per workman in each industry and because there is a shift of labor to industries that use more capital and can afford to pay a higher wage[xref ref-type="bibr" rid="r2"]” (Domar E. , 1946[/xref], pp. 138-139)[/fn]
[fn id="fn2" fntype="other"][label]2[/label] In contrast Solow’s productivity curve (1956, pp. 69-71) depicts natural labor productivity according to [xref ref-type="bibr" rid="r3"]Harrods’ definition (1939[/xref], p. 30).[/fn]
[fn id="fn3" fntype="other"][label]3[/label] In [xref ref-type="bibr" rid="r8"]Swan’s (1956[/xref]) basic formula, any point represents Harrod’s warranted rate of growth and any point in corresponds to Harrod’s natural rate of growth: so, at an equilibrium point [image: image432.jpg]


[/fn]
[fn id="fn4" fntype="other"][label]4[/label][xref ref-type="bibr" rid="r1"]Per Cobb and Douglas’s (1928[/xref]) production function, on which [xref ref-type="bibr" rid="r8"]Swan’s (1956[/xref]) unclassical case is based, it can be proven that [image: image433.jpg]


 [image: image434.jpg]Y = F[KOL! =9



 and by partial derivative in terms of [image: image435.jpg]


 so that [image: image436.jpg]AY/OK = flaK® 11 -9



and let [image: image437.jpg]


 be the rate of profit or capital return to yield [image: image438.jpg]


 and thus α = r c; by replacing this result in function (73), we get [image: image439.jpg]


 as per [xref ref-type="bibr" rid="r8"]Swan’s (1956[/xref], p. 335) footnote No. 5. [/fn][/fngrp] [/doc][image: image440.png]




